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Investment and Borrowment Rates of Return

ABSTRACT

In most investments texts, the rate of return is defined in terms of the gain
or loss over time based upon an initial investment. However, later chapters on
short sales, options, and futures typically omit this calculation. This paper
therefore proffers two return formulas, one for investing situations and one for
borrowing situations. Because the short calculation is often merely finessed, this
paper will provide an explicit framework for this scenario by deriving the holding
period rate of return formula from the net present value (or internal rate of return)
paradigm. This solution will help prevent some common expositional

conundrums.
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INTRODUCTION

The concept of “return” is a basic theme in finance theory and finance
textbooks. ltis, in fact, one of the two legs upon which the most fundamental
principle of the investment field stands, namely, that more risk requires more
return. Most textbooks are careful to elucidate the return concept by first
explaining dollar returns and then by introducing the rate (%) of return in order to
compare investments of differing scale. What is disconcerting, however, is why
the concept of risk and return gets so much less emphasis, and why in particular
the rate of return calculation gets so quickly abandoned, in the following chapters
on short sales, options, and futures trading. It would seem such a useful concept
(and calculation) to retain in order to pedagogically unify the later chapter
presentations with the risk and return theme and to provide useful and practical
guidance in the construction of investment performance guidelines involving
more derivative-based portfolios.

As merely one example of many illustrating this “abandonment,” Jordan
and Miller (2008) provide in their very first chapter on p. 4 the usual concept of
the rate of return using a negative initial cash flow followed by a positive cash
flow later. * However, on pp. 49 — 55 in their discussion of short sales, there is
no rate of return calculation — only dollar profits or losses are mentioned,
although ironically they do provide an end-of-chapter problem asking for a
calculation of the rate of return (p. 70, example 25). In their chapters on options
on p. 487 they calculate returns on buying calls and puts, but not on writing them.

In their futures chapter, there is no mention of rates of return at all, only dollar
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gains or losses. Jordan and Miller are certainly not alone in this regard. A quick
survey of other popular, mainstream investments texts all reveal similar
omissions of the rate of return concept in the short selling, options, and futures
chapters.

For example, Bodie, Kane, and Marcus (2008) provide no explicit formula
for a percentage rate of return through their first two chapters even though it is
mentioned post hoc in a few examples. The holding period return (HPR) formula
explicitly shows up for the first time in chapter 5 on p. 134. Earlier on p. 83 in
chapter 3 they provide a table with returns for a short-sale example without
explaining their calculations, but one can work backwards to determine the
procedure being used. As for options, on p. 693 they show by example only the
return on buying a put, but they make no mention of the return on writing calls or
puts, although they do calculate rates of return on a mixed portfolio of stocks,
bills, and options on p. 701. Otherwise, their discussion is couched mostly in
terms of dollar profits. On p. 796 they do calculate a rate of return on futures
using margin in the denominator, but the formula is not explicitly shown by itself —
it occurs casually in the paragraph to illustrate the inherent leverage.

Reilly and Brown (2006) on p. 8 define HPR as the ending value of
investment / beginning value of investment. On p. 126 they briefly discuss short
sales but do not discuss return percentages. On pp. 879-880 they do calculate
percent returns on buying calls and puts, but not on writing them. Finally, they

show no rate of return formulas for futures trades.
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Hirt and Block (2003) on p. 12 define the rate of return = (ending value
beginning value + income) / (beginning value), but their short sales discussion on
p. 74 omits any percentage return calculations. On p. 427, they use percentage
return in a portfolio of covered calls but with no explicit formula. However, in a
rare exception to most textbooks, on p. 451 they use margin money in the rate of
return formula denominator to find the percentage profit on long futures trades
(and this is also done on p. 477 for long stock index futures), but they do not
similarly illustrate the short futures trade.

Alexander, Sharpe, and Bailey (2001) on p. 3 show a return definition
using wealth vs. value. On p. 31, however, in an exception to investment
textbook pedagogy, they do calculate short sale returns, but again the formula is
not made explicit. There are no percentage return calculations on options,
although on p. 642 there is an example for a long futures trade. Yet, even that
example is embedded in a longer paragraph and has no corresponding example
for a short futures rate of return. On p. 652 they show a table of futures returns,
a rarity in investments texts.

Mayo (2006) on p. 31 first mentions the calculation of return but then only
in a margin context to compare the “percentage earned on cash purchase” = (P,
— fee + income — P;) / P; vs. the percentage earned on margin purchase = (P,—
fee + income — interest) / equity. Again, the coverage of the rate of return
concept is fragmented. For example, the HPR definition does not formally
appear until p. 135. In the same vein, there is no calculation of the percentage

return earned on short sales in the discussion of short sales on pp. 34-37, but he
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does discuss percentage returns on buying puts on p. 386 though not on writing
puts. On p. 428 he calculates a percent return on buying futures based on
margin in the return formula denominator, but he does not show the
corresponding percent for selling futures.

Lastly, Charles P. Jones (2004) on p. 141 provides an initial definition of
total return = yield + price change, and on p. 145 he extends that with total return
(TR) = (cash payments received + price changes over period) / (price at which
asset purchased). He too provides no formulas or examples for percentage
returns on short sales, options, or futures.

In summary, the examples above from some of the most popular finance
investments textbooks today show that the rate of return concept is usually
introduced deux ex machine - it is never derived from first principles. Secondly,
the rate of return is rarely applied to other financial instruments besides stocks
and bonds; and when it is, the treatment is sporadic, unequal, and confusing.
Even when it is identified, it is difficult for the student to locate. Thus, the
financial texts do not have a consistent framework for calculating rates of returns
for the spectrum of existing and potential financial instruments; and the solution,
if provided, is not based on a formula, and is therefore open to question.

The probable reason for this omission of a percentage return formula and
calculation for financial securities (e.g., short sales, options, and futures) in later
chapters is the breakdown of the conventional timeline return definition in cases
where there is no initial cash outflow. Moreover, this omission may also occur

because the finance literature has never explicitly shown how to resolve this
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issue . Itis conjectured that very few finance professionals have ever fully
understood that the rate of return (ROR) or HPR derives from the internal rate of
return (IRR), a derivation never shown in finance textbooks. Also, few finance
professionals seem to even understand that there is a lack of coherent return
formulas for certain investment securities (e.g. short sales). Yet it seems
pedagogically incomplete for finance texts to omit these calculations of the rates
of return for these other investment securities in later sections of their texts after
initially explaining how important a role that the rate of return plays in the most
fundamental rule of investments theory, namely, that higher rates of risk result
require higher expected (percentage) returns.

The purpose of this paper, therefore, is to show how finance textbooks,
teachers, and practitioners can apply a generalized and consistent calculation
protocol which also accounts for these non-normal cash flow investment cases to
resolve this issue. The theory section to follow will develop the rationale for the
NPV / IRR derivation and context. Some historical background on the early
portfolio research will be covered to specifically explain how short sale returns
were understood in a portfolio context but not on an individual investment basis.
A dilemma will be provided to elucidate the paradox of the mathematical
treatment and to provide the motivation for the proffered two-equation solution.
Then an applications section will apply the formulas first to the case of short
sales, options and futures, and finally to a borrowing situation where the interest

rate is less than the rate of inflation. A conclusion will follow.
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THEORY

As mentioned above in the introduction, what is usually shown in the texts
is an HPR formula such as

r = [profit (+) or loss (-)] / + investment

where any profit is designated as a positive value and any loss is a negative
value. What is missing, however, in perhaps all finance texts is an explanation of
the origins of the HPR — it is always presented deux ex machine. Not only is this
intellectually unsatisfying, but it actually hinders understanding of the rate of
return calculation in those less conventional cases with positive initial cash flows.
Therefore, the following derivation of the HPR is offered to set the stage for the
rest of this discussion.

Let the HPR produce a zero present value, PV, in the internal rate of
return (IRR) sense so that, for the simple one-period case:

PV=0=+CFo+ CFy/(1+r) 1)
wherein r is the HPR (or IRR), the value of CFy is the cash flow at the beginning
of the investment period, and CF; is the cash flow at the end of the period.
Solving for r gives:

r = (CFy + CFo) / — CFy (2)
where the numerator, (CF; + CFy), is the profit / loss, and the denominator,

— CFy, Is the investment. Thus, though the sign designations, especially in the
denominator of equation (2), appear unconventional, the above two formulas
lead to the same solution with normal investments (by far the most common

usage). The advantage of equation (2) is that it gives the user a different and
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flexible perspective for dealing with unconventional financial instruments. What
is therefore unique in this paper’s approach is the explicit derivation of the HPR
formula as well as the explicit designation of cash flows in investment scenarios
instead of the categories of “profit and loss” and “investment” which do not easily
lend themselves to generalization in less standard applications.

To illustrate the usage of equation (2) for a typical investment (e.g., buying
a stock), let the initial cash flow (CFy ) = — $100 and the subsequent cash flow
(CF1) = +$110. Placing these values into equation (2) yields:

r=($110 — $100) / $100 3)
r=+10%

This provides the expected result, yet consider the opposite case where
borrowing occurs. Let the borrower obtain a $100 loan at t=0 and repay at t=1
the amount of $110. In this case, the initial cash flow is a positive cash flow
(CFp) of + $100, and the subsequent cash flow (repayment) is a negative flow
(CF1) of —$110. Using equation (2), one obtains:

r=(—$%$110 + $100) / — $100 4)
r=+10%

Yet, clearly, this individual did not gain 10% by borrowing even though the
IRR mathematical calculation yields a positive rate of return on both an
investment scenario as well as a borrowing scenario. At a minimum this leads to
an interpretation problem when using the internal rate of return, or identically the
rate of return, to compare the efficiency of investments — that rates of return can

be used to compare “investments”. Some finance texts note this problem
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indirectly in an IRR context but never in an HPR context, and they then denote
these situations as “financing-type project” cash flow situations or “borrowing
projects”. > They finesse this sign problem by reversing the rate of return vs. cost
of capital criterion or by simply changing signs on the returns. However, this
leads to problems that the following example (dilemma) will better illustrate.
Further, this example will highlight the motivation for the focus on, and

importance of, cash flows and the necessary sign directions.

DILEMMA

The following problem is therefore offered to teachers, students, and
practitioners as an example of how easy it is to be misled by the traditional
explication of the rate of return (HPR) formula, and the curious reader might want
to try to solve this on his or her own before reading the explanation below. Let
an investor buy stocks for $1,100 and sell the stocks for $1,210 at the end of the
period. At the same time, let the investor short some stocks for $100 and then
cover them for $90 at the end of the period. It is assumed for now that there is
no margin required and that the investor will have full use of the short sale
proceeds. * It is conjectured, largely from experience with colleagues, that most
readers of this paper would entertain the following thought process. The rate of
return on the stock is 10%, and the rate of return on the short is 10%, and so the
rate of return on the portfolio is 10% no matter what the weights are (as long as
they sum to one, which they must). On the other hand, the reader could argue

that the net investment is $1,000 (= $1,100 — $100), and that the dollar return is
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$120 to yield a 12% return. Clearly there is room here for confusion in solving
this dilemma which is representative of the rate of return issues that this paper

addresses.

HISTORY

As background for the resolution of this dilemma, one needs to know more
about how short sales were originally handled in modern finance. A first clue is
that in searching the literature one will not find any explicit references to short
sale rates of return prior to the 1960'’s for the simple reason that finance as a
mathematical research discipline was just beginning. One of the early references
to short sales was that of Markowitz [1952] who purposely excluded negative
asset weights in his optimal portfolio constructions to specifically exclude short
sales in his 1950 paper. Lintner [1965], however, did introduce short sales into
the efficient frontier research simply by allowing the asset weights to be negative
as well as positive. In other words, the short sales were incorporated merely as
“long” sales with negative weights. As a result, all that was needed for the
calculations were the returns on long sales, and the negative weights handled
the fact that they were shorts, so a short return was not needed. No margin was
assumed for simplicity. If margin had been required, the set of (long) assets
would have been augmented to include a set of margined short sale assets,
making the analysis considerably more complex. As Markowitz noted,
“...approximately a hundred percent of equilibrium theory is built on the

assumption that you can short and use the proceeds...”. * It is important to note
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that optimal asset weights are a hidden byproduct of the calculation of mean-
variance points on the efficient frontier. These weights are rarely noted, but
when they are it is often found that the asset weights in the optimal portfolios
have negative signs. In other words, the efficient portfolio for a point on the
efficient frontier often includes shorts.

In fact, a common upper level finance course assignment usually involves
the calculation of the efficient frontier allowing short sales. This type of analysis
is perhaps best illustrated in Elton and Gruber (1981).° Specifically, in Chapter 3
they introduce a two asset portfolio, where the two assets are labeled C and S.
The portfolio return is defined as
Rp = XcRc + (1 — Xc)Rs
where
Rp is the rate of return on the portfolio
Rc is the rate of return on stock C
Rs is the rate of return on stock S
Xc is the proportion of the portfolio in stock C, and
(1-Xc) is the proportion of the portfolio in stock S.

On page 60 of Elton and Gruber, short sales are allowed in the way that Lintner
(1965) initiated — an approach wherein negative weights denote short sales. This
approach is followed today in many finance classes both in the U.S. and other
countries. So, for example, to get the portfolio rate of return in the second
column of Elton and Gruber’s Table 3.5, one needs to set Xc = — 0.8, which
implies that one is shorting stock C. This allows the investor to go long on stock

S at +1.8 or 180% of the investment budget because the investor went short on

stock C. To be clear, in order to go long 180%, the investor is permitted to use
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100% of the short sales proceeds, which implies that no margin is required. Note
that Elton and Gruber had Rc = 14% and Rs = 8%, so the return on the portfolio
when the investor shorts stock C at 80% of the investment budget is

Rp =XcRc+(1—-Xc)Rs= —-0.8x14 +1.8x8 =3.2%.

This is the value in the second column of Elton and Gruber’s Table 3.5 shown

below:

[Insert Table 1 about here]

With this background in mind, returning to the IRR formula (1) above, one
can see that multiplying both sides by negative 1 reverses the cash flows and
changes an investment scenario into a borrowing situation. A consequence of
the NPV derivation is that the calculation of a rate of return on a long position is
mathematically the same as that of the rate of return on a borrowing (or short)
position. Whether one invests $100 now and gets back $110 in the future or
borrows $100 now and pays back $110 in the future produces a positive
(mathematical) rate of return of positive 10%, either way. Of course, it does not
make financial sense to say that one earned 10% by borrowing in this situation,
So it becomes necessary to separately define the return on the borrowing

position.
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SOLUTIONS
1. General Solution

At one level, the solution would seem simple enough — as an irreverent
student might say, “just change the sign.” While certainly appealing because of
its expedience (and not incorrect by itself), this would leave the procedure
without a formal context needed to give it a common framework so obviously
lacking in the literature and (consequently) in the textbooks. Further, it is really
not clear which sign or signs to change — those on the weights, the cash flows, or
the returns, or some combination of those. The aim of this section is to resolve
the sign dilemma with a consistent, logical, and general structure that would
apply to any financial return calculation in any contractual arrangement in any
place or time.

One analogy to approach the sign problem is to understand that dollars
invested and dollars borrowed, like assets and liabilities, are the same except for
their sign. Liabilities by themselves can be summed together as a list of positive
numbers, and assets by themselves can also be summed together as a list of
positive numbers; but when liabilities and assets are considered together, one
must appreciate that a liability is a negative asset (and vice versa). Similarly,
dollars invested and dollars borrowed are complementary concepts which have
different signs. The same analogy is true for dollar returns and therefore for
rates of returns. Thus, investment rates of returns by themselves can be
combined, and borrowing rates of returns by themselves can be combined; but to

combine the two rates in a portfolio, ® one must be careful to translate the signs
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so that the return set is either all investment rates of return or all borrowing rates
of return, as appropriate. Clearly therefore, two complementary rate of return
measures are needed; namely, an investment rate of return (IROR) and a
borrowing rate of return (BROR).

Generalizing, the formula for net present value for investments is the usual

NPV of investing = CFo + CF1/ (1 + 1)+ CFo/ (L + )% + ... (5)
where CFis negative. So, for investments, when NPV=0, r represents the
IROR, so that

NPV = CFo + CF1/ (1 + IROR)* + CF,/ (1 + IROR)?* + ... =0 (6)
In the case of borrowing,

NPV of borrowing = CFo+ CF1/ (1 1) *+ CF,/ (1 1) %+ ... (7)

where CFyis positive. When NPV=0, r represents the BROR, thus

NPV = CFo + CF,/ (1 BROR) '+ CF,/(1 BROR)?+... =0 (8)
For clarification of this new term, note that if BROR > 0, then the borrowing yields
a positive dollar profit; if BROR < 0, it yields a negative dollar profit — a loss.

While the negative signs in equations (7) and (8) may appear incongruent
at first, notice that even in the (traditional) investment case of equations (5) and
(6), if the investment loses money the IRR would be negative. Such negative
IRR scenarios are seldom shown in finance textbooks, however, so their
appearance here may appear somewhat novel, although not because those
scenarios are uncommon in the world. The same is true, though, for the new
borrowing formula in which the interest rate can also be positive or negative,

though in the opposite ways from the investment scenarios.
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Therefore, the proposed new definition is simply this: an “investment” is
hereby defined as involving an initial negative cash flow (CFy < 0), whereas a
“borrowment” involves an initial positive cash flow (CFy > 0). The new term
“borrowment” eliminates the awkwardness of other terms (“borrowing project”,
“financing type project”, etc.). In current financial parlance, short sales are
summarily lumped de facto into the category of investments. ’ However, the
word “investment” is now being more carefully defined in a narrower sense, and
the word “borrowment” is being specifically invented in order to encompass non-
conventional examples such as short sales and option writing. Therefore, two
formulas are needed for the rate of return to cover both possible scenarios.

Investment rate of return: IROR = (CF; + CFp) / — CFg (9)

This formula is identical to equation (2), but is now strictly defined to be
used for investments. Above, equation (2) was derived from equation (1) which
is the one period case of equation (6). Similarly one can derive the formula for
the borrowment rate of return by reducing equation (8) to the one period case,
solving for BROR to get:

Borrowment rate of return: BROR = (CF; + CF) / CFy (20)

2. Detailed Dilemma Solution

These two definitions may now be used to resolve the portfolio dilemma
shown above wherein it seemed that a +10% return on a long sale (investment)
and a “+” 10% return of a short sale (now defined as a borrowment) could have

yielded either the portfolio return of +10% or +12%.
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The dilemma resulted from treating the rate of return on an investment
and the rate of return on a short sale as if they were measures that could be
combined. The solution is to realize that there was really only one “investment”
(in the strict sense), and that the other “investment”, the short sale, was what is
now being called a “borrowment”. The key point to be remembered is that
investment and borrowment rates of return cannot be mixed when calculating a
portfolio rate of return. Thus, the solution is:

portfolio investment rate of return = Wa Ra + Wg R (11
where W, is the portfolio weight of investment A, Ra is the return on investment A,
Wi is the portfolio weight of investment B, and Rg is the return on investment B. 8
Just as in the efficient frontier literature, the sign of investment portfolio weights
are positive for investments and negative for borrowments.

Let A denote the investment in the dilemma above where one buys stocks
for $1,100 and realizes a $110 dollar return over the period. Thus, CFg =
—$1,100 and CF; = + $1,210. Using the investment rate of return formula

Ra=IROR = (CF; + CFg) / — CFq
one gets (+ $1,210 - $1,100) / — (— $1,100) = + $110/ + $1,100 = + 10%. As this
is an investment, Wa = 1.1 = $1,100 / $1,000.

If one looked at the short sale in isolation, the borrowment rate of return
would be calculated as follows:

CFo=+ $100, CF;=— $90,

BROR = (CF; + CFo) / CFo = (- $90 + $100) / + $100 = +10% (12)
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But this is a BROR which cannot be used in equation (11), because a net
investment portfolio is being constructed. Therefore the short sale needs to be
transformed into the corresponding investment B by changing the signs on both
cash flows so that the initial cash flow is now CFy = — $100 and the end of period
1 cash flow is now CF; = + $90. Then, calculating the IROR on this long, one
obtains:

Rg = IROR = (CF; + CFg) / — CFo = (+ $90 — $100) / — (- $100)

= —$10/+$100 = - 10% (13)
As this is a borrowment in a net investment portfolio,
Wg =-0.1=-%100/$1,000.
Thus the portfolio investment rate of return (Rp) is:

portfolio investment rate of return Rp = Wa Ra + Wg Rp

portfolio IROR = +1.1 (+0.1) —0.1(-0.1) =0.11 + 0.01 = + 12% °

This solution can be seen as the investor shorting stock B for $100 and
using the proceeds as well as his or her original $1,000 equity to make a total
$1,100 investment in stock A. Thus, the investor makes a $110 dollar profit on
stock A and a $10 dollar profit on shorting stock B to make a total profit of $120
on the original investment of $1,000 for a total return of 12%.
The framework this paper espouses is not the only one that can give rise

to the correct answer to the return on a net investment portfolio. The approach
followed here makes a commitment to first determine whether the transaction is

an investment or a borrowment as defined above, and then it uses this
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information to decide whether the IROR or BROR formulas are needed. The

following table will help in the discussion.

[Insert Table 2 about here]

The construct followed by this paper is to forbid using the northeast and
southwest cells of the box above — in other words, one is not permitted to
calculate the IROR on a borrowment or to calculate the BROR on an investment.
This is a strict adherence to the definitions of investment and borrowment. Thus,
the result of the above calculation of the BROR on the short, equation (12), is
displayed in the southeast cell, while the result of the IROR on the corresponding
long, equation (13) is displayed in the northwest cell. Thus when moving from
the incorrect BROR solution to the correct IROR solution, not only was the sign
on the formula (BROR to IROR) changed, but also the signs on the cash flows
were changed (borrowment to investment) — on the table this involved moving
from southeast to northwest. An alternative, shorthand construct is to move from
southeast to northeast, thereby only changing the sign on the returns formula but
sidestepping changing the signs on the cash flows. This construct would remove
the requirement of first determining whether a financial transaction was an
investment or a borrowment, and further this would allow users to do what this
paper will not — to calculate the IROR on borrowments and to calculate the

BROR on investments, even though both approaches lead to the same answer.
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The authors feel that the paper’s stated approach could lead to less confusion in

the calculation of rate of returns.

APPLICATIONS
1. Short Sales
The first application will be that of short sales, and, similar to the manner
in which most investments textbooks actually introduce the subject, it will be
assumed that there are no margins and that the proceeds of the short sale can
be used. Later, as seen in most textbooks, the condition of no margins will be
relaxed. First, in the case of short sales, as above, assume a stock is shorted for
$100 (CFg = + $100) and covered at the end of one period for $90 (CF; = — $90).
Since there is an initial positive cash flow, this is a borrowment, so the return is
found by using:
Borrowment ROR of short sale = (CF; + CFg) / CFy
BROR = (—$90 + $100) / + $100 = + 10%
Now, following the textbook scheme, let there be margin requirements.
Using, say, a 40% margin requirement (rather than 50% to avoid confusion
between the short sale proceeds and the margin requirement), let the investor
short the stock for $100 and put up $40 in margin money (CFo = + $100 — $40 =
+ $60), and then let the investor cover one period later for $90 and also get the
margin deposit back (CF; = — $90 + $40 = — $50). *°
Borrowment ROR of short sale with margin = (CF; + CFg) / CFy

BROR = (- $50 + $60) / + $60 = + 16.67%
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The example used below to illustrate this concept comes from a text which
the authors of this paper not only admire but have even adopted for use in their
classes — that of Jordan and Miller (2008). Their problem number 25 on page 70
posits a short sale of 1,200 shares at $86 per share, margin requirement of 50%
(= $43), covering at $73, and also having to pay dividends of $1.20 per share.
The question asks for “a rate of return on the investment”. There are several
problems with this format, however, which illustrate the broad pedagogical
concerns addressed in this paper. First, this question appears in the end-of-
chapter questions, but nowhere in the preceding chapter is there an example or
formula of how to perform this kind of a return calculation. This gap in the
definition-problem-solution triad is not at all particular to this textbook, as
elaborated in the Introduction above — in fact, it is quite ubiquitous. Secondly, the
term “investment” in the question is used loosely as this is not properly an
investment (in the sense of the preceding solution section or even in the NPV
sense of the earlier references by Ross, Westerfield, and Jaffe (2005) and Welch
(2008)). Thus, there is not even any qualification of the term investment such as
“financing type investment.” Third, although the answer is given, the actual steps
to the solution of the problem are not shown. Again, this omission is by no
means unique to this text, as mentioned earlier. Fourth, the problem context is
set up earlier in the chapter in an accounting framework of assets and liabilities
which creates is the notion of the proceeds of the short sale being added to the
required initial margin to equal the total assets, contributing to the confusion in

the teaching of this subject.
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The solution proffered by this paper, however, puts the problem into a
consistent cash flow framework. Using a per share basis in the problem above,
one gets an initial cash flow CFy = + $86 — $43 = + $43 (note the subtraction of
the short sale proceeds and the margin deposit) and a subsequent cash flow CF;
= — $73 - $1.20 + $43 = — $31.20 (where $73 is the cover price, $1.20 is the
dividend paid to the original owner of the borrowed stock, and $43 is the returned
margin). The solution yields a

borrowment ROR of short sale with margin = (CF; + CFg) / CFy

BROR = (+ $43 — $31.2) / + $43 = + 27.44%
which is the answer provided in the cited text.

Note that by using the usual margin requirement of 50%, one might get
the correct result but only by accident by assuming the 50% margin is the
investment. Thus the reader is uncertain as to whether he or she is plugging in is
the margin or escrow. This is not uncommon in those texts which figure a short

sale return.

2. Options

Secondly, buying a call or put option involves a negative initial cash flow,
so the investment calculation applies (equation 9). For example, buying a call for
$2 with strike price of $120 and then covering when the stock price rises to $126
yields CFg = —$2 and CF; = $126 — $120 = + $6 for an return of:
investment rate of return on buying a call option = (CF; + CFp) / — CFg

IROR = (+ $6 — $2) / + $2 = + 200%
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However, call or put writing involves an initial positive cash flow which by
the definition herein makes it a borrowment. For example, writing a call with a
strike price of $120 for $2 gives CFy = +$2, and then covering when the
underlying stock price rises to $126 gives CF; = ( $120 — $126) = — $6, a loss on
the option offset by the + $2 sale, so one gets a BROR of — 200%, a loss as
shown below:
borrowment rate of return on writing a call option = (CF; + CFp) / CFo
BROR = (—$6 + $2) / $2 = — 200%
Generalizing this example to account for, say, a 25% margin requirement
when writing the call option (margin = 25% x $2 = $0.50), then there would be a
net borrowment where CFqy = $2 — $0.50 = +$1.50 and CF; = + $120 — $126 +
$0.50 = — $5.50 for a
borrowment rate of return on writing a call option with margin
BROR = (CF; + CFo) / CF
BROR = (- $5.50 + $1.50) / + $1.50 = — 266.66%.
Similarly, for the case of a put, let the investor buy a put for an initial $2
(an investment) with strike price of $120 and then cover when the stock price hits
$114 to yield CFp = — $2 and CF; = — $114 + $120 = + $6 for a return of:
investment rate of return on buying a put option = (CF; + CFp) / — CFy
IROR = (+ $6 — $2) / + $2 = + 200%
However, put writing involves a positive cash flow up front which by the
definition herein makes it a borrowment. For example, writing a put with strike

price of $120 for $2 gives CF, = + $2, and then covering when the underlying
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stock price hits $114 gives CF; = (- $120 + $114) = — $6, a loss on the option
offset by the + $2 sale, to yield a — 200% BROR as shown below

borrowment rate of return on writing a put option = (CF; + CFp) / CFy

BROR = (— $6 + $2) / $2 = — 200%

Generalizing this example to account for, say, a 25% margin requirement
when writing the put (margin = 25% x $2 = $0.50), then there would be a net
borrowment CFy = $2 — $0.50 = +$1.50 and a subsequent CF; = — $120 + $114
+$0.50 = — $5.50 for a rate of return of

BROR = (— $5.50 + $1.50) / + $1.50 = — 266.66%.
3. Futures

Finally, for futures, for simplicity, first assume a “pure” contract with no
margin requirements. For example, let the investor go long (promise to buy) gold
for $500 / oz at t=1, only to see the spot price be $600 / oz at that time.
Therefore, CFo = $0, and CF; = + $600 — $500 = + $100. In this situation, since
there is no cash flow at t=0, either the investment or borrowment formulas
(equations 9 or 10) can be used. Therefore, arbitrarily using equation 9 one gets:

investment rate of return going long in futures = (CF; + CFp) / — CFyg

IROR = (+$100 + $0) / $0 = undefined
Therefore, the return is undefined or equal to (positive) infinity. Then,
generalizing this example to include a margin requirement of, say, $50, CFy =
— $50, and CF; = + $600 — $500 + $50 = + $150. This now qualifies as a formal
investment with the negative initial cash flow, so equation (9), the investment

equation, is used to get:
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investment rate of return on going long on futures with margin
IROR = (CF; + CFo) / — CFy

IROR = (+ $150 — $50) / + $50 = + 200%.

Similarly for a pure short futures contract, let the investor go short, say, 1
ounce of gold for $500 / 0z, and then let the spot price of gold be $600 / oz at
t=1. Therefore, CFo = $0, and CF; = — $600 + $500 = — $100. The investor
loses $100 for a return of — $100 on a zero investment so the return is undefined.

investment rate of return on going short on futures

IROR = (CF; + CFo) / — CFy

IROR = (— $100 + $0) / $0 = undefined.

Then, generalizing this example to include a margin requirement of, say,
$50, CFo = — $50, and CF; = — $600 + $500 + $50 = — $50. This now qualifies
as a formal investment with the negative initial cash flow, so equation (9), the
investment equation, is used to get:

investment rate of return on going short on futures with margin

= (CF1 + CFg) / = CFyg
IROR = (— $50 — $50) / + $50 = — 100%.

So a futures investment will, in practice, always be an investment in the
usual sense of the word due to the negative initial cash flow, the margin, as there
is no offsetting positive cash inflow as in the case of short sales.

4. Borrowing at a negative real rate
One last application that may help the reader see the value of these

formulas to generalize to unusual situations is that of taking out a loan in a period
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of inflation so high that the real rate of return is negative. Say the investor
borrows at 5%, but the inflation rate is 7%. Then CFy=+ $100 and CF; = —
$100*1.05/1.07 =—$98.13 in real terms. Using BROR (equation 10 in our
paper) one gets BROR = (— $98.13 + $100) / $100 = + 0.0187 = + 1.87%. If one
(erroneously) used the IROR, one would get IROR = (- $98.13 + $100) / ( -$100)
=—-0.0187 = — 1.87%. So the borrowing ends up taking place at a positive real
rate of + 1.87%. Notice especially in this case the absence of any margin or
fees. Also notice the similarity to a short sale — one initially borrows but
eventually profits by “covering” the borrowed amount (paying back the loan with

less real purchasing power).

CONCLUSION

Although the percent rate of return or HPR formula is used in all finance
texts to solve the scale issue when comparing investments, what is missing and
direly needed in the textbooks is a general formula that works in all situations,
and not just appearing deux ex machine. Furthermore, what is not universally
recognized are the problems inherent in progressing from a dollar rate of return
to a percent rate of return — specifically, that the HPR is nothing more than the
IRR that comes from the one-period NPV formula, and that some of the inherent
problems in the use of the IRR are also true for the HPR. In particular, there is
the mathematical sign problem that gives rise to the same sign on the
(percentage) rate of return regardless of whether one has an investment with a

positive dollar return versus a borrowing situation with a negative dollar return. In
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addition, there is no recognition of the fallacies that await those who fail to
distinguish borrowment situations in isolation from those in portfolio contexts.

As a result, in finance textbooks and even in virtually all of the finance
literature, there is no explicit rate of return formula for borrowing situations such
as short sales and option writing. Although some finance textbooks contain
exercises to calculate short-sale returns, there appears to be no awareness of
the omission of an explicit borrowing rate (borrowment rate) of return formula.
This could be due to the way that borrowing scenarios (in particular, short sales)
were / are handled in the efficient frontier research in portfolio theory — that the
problem could easily be solved by simply viewing short sales as negative long
investments.

But whatever the reasons for the failure to consistently use the rate of
return throughout all the investment types in the past, this paper puts forth a
consistent basis for now doing so. Simply put, this paper defines borrowing
situations as “borrowments” as distinct from investment situations and therefore
introduces a borrowment rate of return formula to complement the traditional
investment rate of return formula. The resulting two formulas are then
appropriately applied to stock purchases and short sales, options buying and
writing, going long and short in futures, and borrowing at negative real rates.

One of the best pedagogical arguments for this paper is that, at least in
presentation, it would coincide well with how investments is actually taught. For
example, most investments textbooks begin their discussion of short sales,

options, and futures without any mention of margins. They also focus on dollar
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profits or losses. The approach taken in this paper would then allow the explicit
formulation and calculation of a rate of return to immediately follow the
discussion on dollar returns for these situations. Furthermore, right after that
discussion, one could easily incorporate the presence of margins and recalculate
the rate of return. Although some investment text authors do occasionally
attempt to show rates of return formulas beyond those for stocks and bonds,
such formulas cannot be found easily, if they are present at all.

It is the authors’ hope that future finance education pedagogy both in
textbooks and in the classroom will explicitly incorporate this distinction between
investments and borrowments and derive their corresponding rate of return
formulas from the net present value model. This would then provide students
and practitioners with a more consistent and reinforcing emphasis on the
measurement of return over the spectrum of risky financial transactions. In
addition, such use would allow authors to reinforce the thematic risk/return

principle more fully and consistently throughout their texts.
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ENDNOTES

1.

The page numbers cited in the following list of textbooks are used to
illustrate the fragmented nature of the rate of return coverage in almost all
finance investment texts.

See Ross, Westerfield, and Jaffe (2005), p. 156 . See also Ivo Welch
(2008), pp 273-4.

These assumptions will be attended to in more detail shortly

Taken from the Markowitz (2006) interview

Elton and Gruber’s (1981} first edition of the text, Modern Portfolio Theory
and Investment Analysis, does an excellent job of summarizing the
practical aspects of calculating the efficient frontier.

Portfolios must be either a net investment or a net borrowment.

After all, most of the textbooks in the field are named “Investments”.
Personally the authors would like to see the next generation of textbooks
in the field called “Investments and Borrowments”. (note to reviewers:
this was fun to say, but we’ll take this out if you want us to!)

Net borrowment portfolios are possible too if more is borrowed than

invested. In that case:

portfolio borrowment rate of return = Wa Ra + Wg Rp

where W, is the portfolio weight of borrowment A, Ra is the return on
borrowment A, Wy is the portfolio weight of borrowment B, and Rg is the
return on borrowment. The sign of borrowment portfolio weights are

positive for borrowments and negative for investments.
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10.

Note the negative sign on the “short sale return” (now a transformed
IROR) as well as on the short sale weight. This is really the key to the
solution since “everyone knows” the investment weight is positive, the
short weight is negative, and the investment return is positive. It is not
obvious to everyone, however, that the “short” return of a profitable short
needs to be a negative, at least, in a net investment portfolio.

In general, the position taken here, specifically for the case of determining
the isolated return on a borrowment, is that it does not matter whether or
not the investor has access to the escrowed funds — the short sale of the
securities does take place, and the funds still belong to the short seller.
Also, in the portfolio example above, assumptions about use of the short
sale proceeds were taken directly from earlier work It is understood that
there may occur situations in the world (not just the U.S.) or at other time
where legal and institutional constraints may dictate otherwise, but for the
purposes of a textbook type exposition these assumptions are useful.
Nevertheless, even in the US, it seems that the use of short sale proceeds
are allowed in particular circumstances. It is interesting to note the
literature on the new 130/30 and other 1X0/X0 mutual funds — see the
websites below:

http://www.aima.org/uploads/FortisPFSCollins75.pdf
http://papers.ssrn.com/sol3/papers.cfm?abstract_id=1032110

http://www.jlem.com/articles/jlem/PiNewApproach.pdf
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http://thedealsleuth.wordpress.com/2008/02/04/negative-alpha-is-built-

into-13030-funds/
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Table 1: Short Sales in Efficient Portfolios

Adapted from Table 3.5 from Elton and Gruber (1981), p. 61

Xc -1| -08] -06] 04| -0.2 12 1.4 1.6 1.8 2
Rp 2.0 3.2 4.4 5.6 68| 152 | 164 | 176 | 188 | 20.0
P 6.00 | 513 | 433 365| 3.17| 692 | 787 | 884 | 9.82]10.82
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Table 2:

Investment and Borrowment Rates on Investments and Borrowments

Investment: Borrowment:
CFo = —$100, CFo =+ $100,
CF1 =+ $90 CF1=-$90
IROR - 10% -10%
BROR + 10% + 10%
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